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ABSTRACT 

In this paper the dynamic behavior of series-connected MOS-
FETs is studied, in order to compute the propagation delay of 
multiple-input static CMOS gates. A method for the reduction 
of series-connected MOSFETs to a simple MOSFET with the 
same behavior is proposed. The effective width of the equiva-
lent transistor is not constant as in some previous works. So all 
cases of input slopes, the load capacitance, the number and the 
position of the switching inputs, and the body effect, are 
considered in order to determine the equivalent transistor’s 
width. Along with the reduction process, an accurate analytical 
inverter timing model is used to compute the propagation delay 
of multiple-input static gates. The produced results are in very 
good agreement with SPICE simulations. 

 
1. INTRODUCTION 

Many different techniques for timing modeling of VLSI 
circuits have been proposed in order to improve the speed of 
circuit simulators. The reliability of these approaches depends 
on the accuracy with which the transient response and 
consequently the propagation delay of basic circuits can be 
evaluated. 

In [1] we introduced an accurate analytical timing model for 
the CMOS inverter. The analytical nature of this model results 
in high computational speed, provided that an accurate and fast 
method to analyze multiple-input gates is to reduce them to 
equivalent inverters. Many reduction techniques [2]−[8] have 
been proposed in the literature. Traditionally, the equivalent 
width of series-connected transistors is approximated by W/N 
(W: channel width of one transistor, N: number of series-
connected transistors) [2],[3], without taking into account the 
effects of the load and the input transition time. This is the 
main reason of inaccuracy, because it is valid only for step 
input waveforms, or when all transistors operate in the linear 
region. Another source of delay errors in some existing 
methods [3],[4] is the use of simple quadratic equations for the 
transistor currents, which are not valid for the recent sub-
micron technologies. 

Recently, a reduction technique in order to determine the 
effective width of serial-connected transistors has been pro-
posed in [5], where several empirical parameters are used. 
However, the conventional model (Weff = W/N) is used when 
the inputs are fast or all inputs are switched together. In [6], an 
approach to generalize an inverter-based timing model to 
multiple-input gates is proposed, where the serial transistors 
are handled by repeated dc analyses using SPICE every time a 

transition sets a new path. However, the modeling of transient 
phenomena by dc analysis results in inaccuracies. A number of 
dc analyses is also required in the reduction technique 
presented by Kong et al. [7], in order to determine the effective 
transconductance of series-connected transistors. Moreover, in 
[7] the current of the short-circuiting block is neglected in the 
delay calculation. Both techniques [6],[7] are limited to single 
input switching. The reduction technique suggested in [8], is 
demonstrated only for step inputs, and the calculation of the 
transistors’ effective resistance is not discussed. 

In this paper, a new reduction technique based on the dynamic 
behavior of series-connected MOSFETs, is presented. In the 
determination of the equivalent transistor’s width, the influe-
nces of  the output load, the input transition time, the number 
and the position of the switching inputs, and the body effect, 
are taken into account. Also, the additional delay due to the 
internal and coupling capacitances is included. Along with the 
reduction process, an accurate inverter timing model [1] which 
includes most of the factors that influence the inverter 
operation such as the currents through both transistors, the load 
capacitance, the input slope, and the input-to-output coupling 
capacitance, is used to compute the propagation delay of 
multiple-input CMOS gates. For the transistor currents, the α-
power MOS model [9] is used, in order to include the velocity 
saturation effect of recent short-channel devices. 
 

2. REDUCTION TECHNIQUE 
Consider the multiple-input NAND gate shown in Fig.1. In the 
following we describe the reduction technique for series-
connected nMOS transistors. The treatment of pMOS 
transistors is analogous. For the transistor drain currents, the 
following expressions of the α-power law MOSFET model [9] 
are used. 
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where  ( )′ = −V P V VDO V GS TH
α 2   is the drain saturation voltage, 

and P P PL C V= . PC,  PV  and  α  (velocity saturation index) are 
extracted from the I-V static characteristics of the device. For 
the determination of the device threshold voltage (VTH) a linear 
approximation of the body effect is used [6], which results to 
the following simple formula 

V V VTH TO SB= + γ 1 , 
where VTO is the zero-bias threshold voltage, and γ1 is the body 
effect coefficient. 
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Fig.1: Multiple-input NAND gate 

First, the case when all the transistors are switching together, 
which is the worst case scenario, is analyzed. The input 
voltages are assumed to be ramps, with input rise time τ. When 
the serial array performs the discharge operation, initially the 
topmost transistor operates in the saturation region, while the 
rest operate in the linear region. In the case when the topmost 
transistor is still saturated after the end of the input transition 
(fast input transition compared with the output one), its source 
node (A) is charged up to a plateau voltage [4] and maintains 
that voltage level until all transistors enter in the linear region 
(Fig.2). Then it follows the output voltage of the gate to 
ground. Since, the transistors M2 to MN operate in the linear 
region they approximated by an equivalent transistor MK with 
channel width equal to WK 

1 1 1 1

2 3W W W WK N
= + + +L . 

When the voltage of node A is in the plateau region, no current 
flows in or out the internal capacitance of the node. Thus, the 
drain currents of the transistors M1 and MK are equal, 

I ID DK1 = , 
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where VP is the plateau voltage. VTK  is the average value of 
the threshold voltages for the transistors M2 to MN, an 
approximated value of which is given by 
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Note, that the parameter αk is extracted using the channel width 
WK because it depends on the transistor width [9]. In order to 
solve (1), a Taylor series expansion of its left part around the 
point VP = [(N−1) VDD / 2N], up to the second order coefficient 
is used. After that, VP becomes the root of a simple quadratic 
equation. 

 
Fig.2: Voltage waveforms for fast inputs 

 

 
Fig.3: Voltage waveforms for slow inputs 

In the following, the voltage at node A is considered linear for 
the interval between the time tON and τ. tON is the time where 
the chain of the serial transistors starts conducting. It is 
calculated by analyzing the influence of the gate-drain and 
gate-source capacitances on the chain operation [10]. After the 
calculation of the time tON and the value of VA at this time, the 
slope of the voltage waveform at node A can be determined. 

In the case when the topmost transistor enters in the linear 
region before the end of the input transition (slow input 
transitions), its source node voltage exhibits a peak value (VL, 
see Fig.3) lower than the plateau one, before the input reaches 
its final value. This peak value occurs when the topmost 
transistor is entering the linear region. SPICE simulations 
indicate that the slope of VA in this case is approximately the 
same with that calculated assuming the existence of plateau 
region. For slow inputs, VA is considered linear between the 
time tON and tsatn1. tsatn1 is the time when the topmost transistor 
is entering the linear region (Fig.3). 

The discharge current through the serial array when the 
topmost transistor operates in the saturation region, is given by 
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The above equation has the same form as the current equation 
in the saturation region of a single transistor, the equivalent 
width of which is given by 
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Similarly, when the topmost transistor operates in the linear 
region the equivalent transistor’s width becomes 
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Since all transistors operate in the linear mode, the array is 
considered as a voltage divider (VA = (N−1) VOUT / N), in the 
above equation. The last step is to determine the value of Weq 
in each region of the chain operation. 

In the case where the plateau region exists (Fig.2), three 
regions are studied. 
Region A, tON ≤ t ≤ τ: The equivalent width is calculated by 
equation (2) at the time t = (tON + τ) / 2. 
Region B, τ < t ≤ tsatn1: The equivalent width is calculated by 
equation (2) for VIN = VDD, and VA = VP. tsatn1 is calculated by 
equating the output voltage expression of the inverter model 
[1] in region 5A with the drain saturation voltage of the 
topmost transistor. 
Region C, t > tsatn1: The equivalent width is the average 
between that calculated by equation (3) for t = tsatn1 and that 
calculated for VOUT = 0. 
In the case when the topmost transistor is entering the linear 
region before the end of the input transition (Fig.3), two 
regions are studied. 
Region A, tON ≤ t ≤ tsatn1: Weq is calculated by equation (2) at 
the time t = (tON + ts) / 2. ts is an approximation of tsatn1, and is 
calculated by equating the drain-source voltage (VOUT − VA) 
with the drain saturation voltage of the topmost transistor. The 
output voltage expression is determined by solving the 
differential equation resulting from the application of the 
Kirchoff’s current law at the output node, with the assumption 
of negligible pMOS current. The use of ts instead of tsatn1 
results in an error lower than 2% in the calculation of Weq. 
Region B, t > tsatn1: Weq is calculated by equation (3), as in the 
region C of the previous case. tsatn1 is calculated by equating 
the output voltage expression of the inverter model [1] in 
region 4 (or in region 3 for slower inputs) with the drain 
saturation voltage of the topmost transistor. 

The output response of a multiple-input gate is a function of 
the number and the position of the switching transistors in the 
serial chain. When the input transition is sufficiently faster 
than the output, the topmost terminal switching shows faster 
discharge operation. This is because the lower transistors must 
discharge the upper transistors’ internal capacitances. As the 
input transition becomes slower the lower terminal switching 
shows faster operation. This is because the transistor nearest to  

the ground has a smaller threshold voltage, while the 
magnitude of its gate-source voltage is greater than the other 
transistors in the chain. Hence, it will have a higher channel 
conductance than the other switching transistors, and the 
discharge operation will become faster. 

The output waveforms for different combinations of switching 
inputs are translational [4], i.e. the shape of the curve is 
preserved except that its transition edge is shifted to the right 
or to the left depending on the combination of input signals. 
On the basis of this observation the equivalent width for each 
combination of switching inputs can be determined by 
multiplying the one of the worst case (all inputs switching 
together) with a single empirical factor m, during the input 
transition. m depends on the position and the number of the 
switching transistors, and on the relation between the input and 
the output waveforms. As a good metric of this relation, the 
single lumped parameter G = (IDO τ) / (VDD CL) is used. IDO is 
the drain current at VGS = VDS = VDD of a device with channel 
width equal to W/N (W: channel width of one transistor, N: 
number of series-connected transistors). Simulation results 
show that m changes exponentially with respect to G. This 
enables us to use the following equation for the determination 
of the coefficient m 

 ( )m m (m m )[1 e ]vf vs vf
d G 0.2= + − − − − , (4) 

where mvf is the weight coefficient for very fast inputs, mvs is 
the weight coefficient for very slow inputs, and d is a constant. 
mvf and mvs are given by a look-up table (part of which is 
given in Table I). The values of the look-up table are extracted 
from SPICE simulations by adjusting the transistor size of an 
inverter to give the same output with the multi-input gate in the 
vicinity of VDD / 2, for all the combinations of switching 
inputs. The values of Table I was obtained using a 0.8-micron 
technology, for G = 0.2 (very fast inputs) and G = 10 (very 
slow inputs). The constant d is equal to 0.42 for the used 
technology process. This value is almost independent of N, at 
least for the range 2 ≤ N ≤ 5. 

In the case of overlapping inputs, the existing waveform 
representation techniques [2],[5] can be used, which reduce the 
overlapping input signals of a multiple-input gate to a single 
effective signal. The equivalent channel width of  parallel-
connected transistors can be extracted by adding the widths of 
the switching transistors, and in the case of overlapping inputs 
can be found as in [5].  

In the series-connected transistors, since the charge variation 
due to each of C1n,…,CNn capacitances (see Fig.1) occurs 
through a different number of channels, their contribution to 
the output capacitance depend on their relative position in the 
chain. In the parallel transistors the capacitances C1p,…,CNp 
are added to the output load because they tied directly to the 
output node. 
 

3. RESULTS AND CONCLUSIONS 
In this section we illustrate the accuracy of the proposed 
approach for the evaluation of the transient response and the 
propagation  delay of  multiple - input  CMOS  static  gates.  In 
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Table I: Coefficients mvf  and mvs 
 

Switching mvf mvs 

Inputs Number of serial transistors 
 3 2 3 2 
1 1.12 1.07 1.41 1.29 
2 1.06 1.02 1.65 1.60 

1, 2 1.03 1 1.12 1 
3 1.03  2.07  

1, 3 1.09  1.15  
2, 3 1.02  1.29  

1, 2, 3 1  1  

Fig.4 the output voltage waveforms of a static 3-input NAND 
gate for various input terminals switching with CL = 0.2 pF, τ = 
1.5 ns and VDD = 5 V, are shown. A 0.8-micron technology has 
been used, with transistor widths Wn = 12 μm and Wp = 3 μm. 
The output waveforms produced by SPICE simulations are 
added for comparison. It can be observed that the analytical 
waveforms are very close to those produced by SPICE 
simulations. This occurs because our model for the reduction 
of series-connected MOSFETs includes the influences of the 
output load, the input transition time, the number and the 
position of the switching inputs, and the body effect. In Fig.4 
the input slope is smaller than that of the output waveforms. 
Thus, as mentioned in section 2, the topmost terminal (VIN1) 
exhibits slower operation than the last one (VIN3). In Fig.5, the 
propagation delay at the 50% voltage level of a 4-input NAND 
gate with the same characteristics, is plotted as a function of 
the input rise time. Results derived using the conventional 
model (Weq = W/N) are also given. It is shown that, the 
conventional model gives inaccurate results, especially in the 
cases when only one terminal is switching.  
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