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Anaytical Transient Response and Propagation Delay
Evaluation of the CMOS Inverta for Short-ChannleDevices

L. Bisdounis S. Nikolaidis, and O. Koufopavlou

Abstract—In this paper an accurate, analytical model for model. Nabavi—Lishi and Rumin [6] presented a method for the
the evaluation of the CMOS inverter transient response and calculation of the inverter delay, where a linear approximation
propagation delay for short-channel devices is presented. An ¢ ina output based on empirical factors produced from SPICE

exhaustive analysis of the inverter operation is provided which . lati . d. M imated . fth
results in accurate expressions of the output response to an input simuialions IS used. Vloreover, an approximated version or the

ramp. Most of the factors which influence the inverter operation SPICE level 3 MOS model is used, where the reduction of
are taken into account. The a-power law MOS model, which the drain saturation voltage due to the velocity saturation is
considers the carriers’ velocity saturation effects of short-channel neglected.

gi\iggsg;;ﬂget%n'ghe final results are in excellent agreement with Sakurai and Newton [7], [8] presented closed-form delay
' expressions for the CMOS inverter, based ondhgower (-
Index Terms—Circuit transient analysis, delay effects, delay power in [8]) law MOS model which includes the carriers’
estimation, inverters, short-channel MOSFET's. velocity saturation effect of short-channel devices. For the
derivation of the output expression in [7], the short-circuit
|. INTRODUCTION current is neglected and the delay expression is valid only

INCE propagation delay is one of the most critical perforf—Or fast input ramps. In [8], a fictitious input ramp is used

ance parameters in CMOS digital circuits, much effo\r'flh'Ch is clamped to ground for ramp voltages less than the

has to be devoted for the extraction of accurate, analyti Cza\;intchmg voltage in order to approximate the CMOS inverter

) e L : an NMOS circuit. Also, in [7] and [8] the influence of the
expressions for timing models of basic circuits. Using tran- . . . . .
; . . : . . ate-to-drain coupling capacitance is neglected. An extension
sistor level simulators with continuous-time modeling of th . .
. . L Ih the delay expression of [7] for the case of very lightly loaded
devices, like SPICE, can be very expensive in terms of storage . . : .
: . mverter and/or slow input signals is presented in [9] where a
and computation time. Hence, much of the past research has L : . .
) ... table of coefficients produced from SPICE simulations is used,
addressed the development of analytical delay models, withgu

) . o . ut still for negligible short-circuit current. The delay model
the necessity of expensive numerical iterations. . .
X . : . ._presented in [10] uses the-power MOS model. It is based
The main goal of this work is the analytical evaluatio : oo S
i : . . on piecewise linear approximation of the output voltage and
of the propagation delay in a CMOS inverter. To achiev, ) S
the currents through both transistors, resulting in inaccurate

this, analytical expressions of the output waveform must t?neodeling of the nonlinear transistor’s behavior.

derived directly from the differential equation describing the In this paper, analytical expressions for the CMOS inverter

temporal evolution of the inverter output. The first closed- . .
. oytput response to an input voltage ramp, which overcome the

form delay expression based on the output response whic . ;
. . . . . .. Weaknesses of previous works, are derived. Based on these
was obtained directly from the differential equation describin ; . .
pressions, accurate analytical formulas for the evaluation

'the CMOS Inverter operation was derived in [1] for a stegf the propagation delay for all the cases of input ramps are
input. Analytical expressions for the output waveform and the

propagation delay, including the effect of the input Waveforr%mduced' The derived timing model takes into account the

slope, was presented in [2] and [3], where the influence |rFIuences of the current through both transistors and the gate-

the short-circuit current was neglected. These works are bagj_ rain coupling capacitance, without using presimulation

on the Shichman-Hodges square-law MOS model [4] thaetbes or numerical methods. The presented model clearly

) . . . . Sows the influence of the inverter design characteristics, the
ignores the carriers’ velocity saturation effect, which becom?os

prominent in short-channel devices. The differential equati(E ad capacitance, and the slope of the input waveform driving

describing the discharge of the load capacitor was solved ﬁF inverter on the propagation delay. Tgower law MOS

L S odel [7], which includes the carriers’ velocity saturation
[5] for a rising input ramp considering the current throug . :
) . : . “effect of short-channel devices, is used.
both transistors and the gate-to-drain coupling capacitance.
However, in [5], fitting methods were used, resulting in a semi-
empirical model, which is still based on the square-law MOS II. INVERTER TRANSIENT RESPONSEANALYSIS

. . . The derivations presented in the following are for a rising
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Fig. 1. The CMOS inverter. 0

NMOS saturation line

the discharge of the load capacitan¢g, for the CMOS Fig. 2. Operation regions of the inverter.
inverter (Fig. 1), taking into account the current through the
gate-to-drain coupling capacitant€,y ), is derived from the where

application of the Kirchoff's current law at the output node: L Ipon
s T (1 _ n)an
d‘/out d‘/m d‘/out
C,——=C - 1, —1I,. Ipon
Ear A<dt dt>+p big = ———
Ugon(l — )2
For the rising input voltage ramp, the above equation becomes , z—n\?
U = Udon| 77—
L don d 1—n
dVour _ TLAC tsoort>r 0 and the PMOS current is given in a similar way.
dt emVop 4 Cfp;é 7 0<t<rT Since the input ramp will reach its final value with the
R NMOS device either in saturation or in the linear region, two
where main cases of input ramps are considered in order to give
a complete analysis of the output waveform. Fast input
o = Cum ramps, the NMOS device is still saturated, while $@winput
™ CL+ Oy ramps the NMOS is in its linear region when the input voltage

ramp reaches its final value. The operation regions of the

The output load”;, consists of the inverter drain junctioninverter are shown in Fig. 2. The separation of the operating
capacitances, the gate capacitances of fanout gates, andafe@ in regions corresponds to the different combinations of
interconnect capacitance. The equivalent gate-drain capahe operation modes of the NMOS and PMOS devices (i.e.,
tance Cy; is the sum of the gate-to-drain capacitances dihear, saturation, cutoff).
both transistors, which consist of the gate-to-drain overlapCase A—Fast Input Rampsn region 1 (0 < z < n),
capacitance and a part of the gate-to-channel capacitance. this NMOS transistor is off and the PMOS transistor is in
calculated using the parametefs, (gate-oxide capacitancethe linear region. Part of the charge from the input which is
per unit area) and’yy, (gate-drain overlap capacitance peinjected through the coupling capacitance causes an overshoot
unit channel width) [11]. at the early part of the output voltage waveform (Fig. 2). This

For the expressions of the transistor currents, the fowharge has the major influence on the output in region 1. Since
parametera-power law MOS model [7] is used. The pain this region the differential equation (1) cannot be solved
rameters are the velocity saturation indéx), the drain analytically, an average value ofz,, = n/2) is used in the
current (Ipg) at Vgs = Vps = Vpp, the drain saturation expression of the PMOS current, resulting in the following
voltage (Vpo) at Vas = Vpp, and the threshold voltage solution:
(Vru). After normalizing voltages with respect #,p, i.e.,

_ —1l¢1 _ —UnT

Uin = Vin/VbDs YUout = Vour/Vops 7 = Vrue/Vop, p = tour = 14 emy, (1 —e ) 3)
IVrip| /VoD, tdon = Vpon/Vbn, Udep = |Vpopl/Von, and  where
using the variable: = ¢ /7, the NMOS device current is given a2
by the following equation: yn = A (1 —p- 5)
I = and

0, z <mn, Cutoff region Ay = L

Fean(z — n)o Uout > 1y, Saturation region Vopo(CrL + Cu)

in(z — )% gy,  Uow < u),,, Linear region In region 2 (n < x < Tep), the NMOS transistor is

(2) saturated and the PMOS transistor is still in the linear region.
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Zsatp 1S the normalized time value when the PMOS transistor

is entering the saturation region. In order to give a solution ’
in the differential equation describing the discharge of the
output load in this region, an approximation of the PMOS
current is used (Fig. 3). Assuming that the minimum of the
PMOS current appears when the input voltage arrives at the
NMOS threshold voltagéx = =), then the PMOS current

can be approximated by a linear function of the normalized
time: I, = Ipmin + S(z — n). Ipmin iS calculated using the 0
PMOS current equation in the linear region and the value ?f ‘
the normalized output voltage at= n in (3). The current """
slope S is calculated by equating the exact PMOS current Region 2

in the linear region with the approximated one at the point _ L , ,

fg = (1 _ p)/2. After that, the output voltage waveform is ig. 3. Linear approximation of the PMOS current in region 2.
described by

Approximated
A—-""" current

|
|
|
|
|
\
Xe Xsatp 1-p  Normalized time (x)

-

A

solution of the differential equation (1) is
Uout = 1+ crn(x —-n+ R) + Ipmind(.’E — 7’L)

ASII 9
+ Sd(.’L’ — 71)2 B Asn(.’IZ — n)Oén-I-l (4) Uout = U23 + C T — o+ 1 (.’L’ — /"L)aﬂ,+1. (6)
2 o, + 1
In the next region, 5A(1 < z < zgqin), the input
where ramp has reached its final value without any changes in the
R = y,jl(l — e ) operating mode of the transistors. The analytical solution of
g T the differential equation (1) in this region is
~ Vop(CL+ Cu) Ay a1
A = ksnT Uout = U23 + Cm — o+ 1 (1 - 7’L)
7 Vop(Cr 4+ Cu) — Ag(1 = n)* (x - 1). 7)

The above equation gives waveforms very close to thodes» is the no_rmalized_ time value where the NMOS trans_istor
derived from SPICE simulations (as shown in Section IVileaves saturation and is calculated from the above equation for
which indicates the validity of the PMOS current lineafeut = %don- _
approximation. In order to continue the analysis for the next Finally, in region 6(z > sain), the NMOS device enters
region, the evaluation of the normalized time valug,, and " its linear region and the PMQS device remains off. The
the normalized output voltage valug,;, when the PMOS output voltage waveform is described by

device saturates is required. These values satisfy the PMOS
saturation conditioney, = 1 — ugop. In order to solve this
equation, a Taylor series expansion [12] around the powwhere
z = 1—p—n up to the second-order coefficient is used, i

for both ueu anduy,,. In th_e special case of very fast input A = Voo(CL + Cat)’

ramps, the PMOS device is turned off after its linear region

without entering saturation (Fig. 2). This occurs because theCase B—Slow Input Ramp&he output expressions for re-
output voltage overshoot finishes when the PMOS deviced®¥ns 1, 2, 3, and 4 are the same as those of the previous

— A (L= 2 (@ —2gain
Uous = Udon€ (1-=n) (2=zatn) (8)

already off. case. In this case the normalized time valyg,,, should be
In region 3 (z.., < < 1 — p), both transistors are calculated from (6) forou, = u/,,,, and in the case of slower
saturated. The analytical solution of (1) is inputs (Fig. 2) from (5). In order to solve those two equations,
a Taylor series expansion around the paine 1 — p up to
Acn ) Niant i
Uont = U3 4 o — (z —n)*tt the secon_d order cogfflment is used m(;?n, and two more
o, +1 5) Taylor series expansions around the paint 1 — p — n for
Ay (1—x—p)ertt the output expressions (5) and (6).
o+ 1 In region 5B (zsatn, < z < 1), the NMOS transistor is
in the linear region and the PMOS transistor is either off
where or so poorly conducting that its influence can be neglected.
kspT SPICE simulations indicate that the PMOS device current in
Asp = Voo(Cr + Car)’ this region (forz < 1 - p) is up to 2-3% of the NMOS device

current. Neglecting the charging current through the gate-to-

The integration constanti,s is inserted to ensure continuitydrain coupling capacitance, an approximated solution of (1)
with respect to region 2. in this region is

In region 4(1 — p < z < 1), the NMOS transistor " (oni2rye (oni2rye
is saturated, the PMOS transistor is off, and the analytical uqu; = tuenine mrtz (@™ =@ —n) @ T97%]

(9)
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where . . . . . . T -
(233 1 ~
Tsatn — b 2 oo | _f------PMOS saturation line |
Usatn = Udon| ————— S
1—n i Analytical
he | oz > 1), the i h hed its, .. LR
~In the last region(z > 1)., the input ramp has reached its, 1 Gotclongh =08 um
final value, the NMOS device is still in the linear region, an@“ ' lyor s~ 1720mA
. . . . 06
the PMOS device is off. The output voltage is given by & - | €,=02pF
U 0S5 T T A
— A (1— gy /2 1 [ ramp T =0.5ns
Uous = U]C (1=m) (@=1) (10) % oab N ]
. . ' NMOS saturation line
wherewy; is the value of the normalized output voltage wheé 03 F e s 1u
T =2ns don

the input ramp reaches its final value and is calculated if we

tz = 1in (9). o2y P |
se 9 ot/ Q ~ |
[Il. PROPAGATION DELAY EVALUATION 0 05 1 15 2 25 3 35 a4
The fall propagation delay at the 50% voltage level is Normalized Time (x)
written as: tg = to5 — % = To.sT — %’ where o5 is Fig. 4. Inverter output waveforms for several values of input rise time.

the normalized time value when,,; = 0.5. Thus, for the
evaluation of the propagation delay, the normalized time value TABLE |

Zo.5; must be determined for both cases of input ramps. The MOSEET MODEL PARAMETERS USED IN CALCULATIONS
normalized drain saturation voltage,., (Fig. 2) is a critical

parameter in order to find in which region the 50% level ofeviee | = | ¥} b0} e (\'Ygﬁl) (\'/V;ﬁL) o | ooy
the output voltage occurs. Hence, it is hecessary to consiGgis 08 2 | 1720 | 129 | 130 | 0844 218 035
two possibilities in the delay calculationi,,, < 0.5 and 655 | 1720 | 141
Udon > 0.5. Whenuy,, < 0.5, in the case of fast input ramps, PMos 08 4 ] 1063 | 142 | 245 | 0734 218 035
the output voltage reaches the 50% level when the invertes 210534 ] 143

operates in region 5A ify;; > 0.5 or in region 4 ifup;; < 0.5.
u) is calculated from (6) for = 1. Whenwu... = 0.5 occurs

in region 5A, xq 5 is calculated from (7 . .
9 *o. (7) In region 5B,z 5 is calculated from (9)
Cm tu23 — 0.5 o+

o5 = AAsn(1 - n)(yn * Up + 1 ) (11)
In the case where,,,; = 0.5 occurs in region 4z, should 2
be calculated from (6). In order to solve this equation, the (ovn, + 2)n(0.5 /tugarn) | “» 72
Taylor series expansion of the output expression (6), which - 241, (14)
was also used for the calculation of,;,,, is used. After that, ) . ) ] . .
0.5 becomes the root of a simple quadratic equation. For sIcd in region 3 is calcglated using the Taylor series expansion
input ramps, the conditiom..; = 0.5 occurs in region 4 if Of the output expression (5).
up—p 2 0.5 orinregion 3 ifup ) < 0.5. up_yy) is the value
of the normalized output voltage when the PMOS device enters IV. RESULTS AND CONCLUSIONS

the cutoff region, and is calculated from (5) for=1-p.In £ 4 shows some typical output waveforms produced from
the first case, the normalized time valug; is calculated as e expressions of Section Il. A CMOS process technology of
described above, and in the second one, it is calculated Usg,;m has been used to validate the accuracy of the presented
the Taylor series expansion of the output expression (5). Thgerter output waveform expressions. The model parameters
error introduced in the calculation af; in regions 3 and 4 gnq the dimensions of both transistors are listed in Table |.
due to the use of the Taylor series expansions is up 10 0.2%; the extraction of the results in Fig. 4, the transistor widths
~ Whenugo, > 0.5, for fast input rampSiey, = 0.5 0CCUTS  have heen selected in order to achieve equal drain currents
in region 6 andxo.; is calculated from (8) (Ipo) atVgs = Vs = V. The output waveforms produced
£n(0.5/tq0n) ) Dby SPICE level 3 simulations are added for comparison. A
Ap(1 —n)en/27 (12) supply voltage of 5 V and an output load of 0.2 pF have been

In the case of slow input ramps, the output voltage reachlé§ed' It can be observed that the analytical waveforms are very

the 50% level when the inverter operates in region 6 exceppSe 0 those produced by SPICE simulations. The output
if upy; > 0.5, where there are two possibilities. Depending ojyaveforms for input rise times of 0.5 ns and 1 ns correspond
Ueain, the output voltage reaches the 50% level in region 5§ case A, while those for input rise times of 2 ns and 4 ns

(ttann > 0.5) OF i 1€QION 3(tgnin < 0.5). In region 6,0, correspond to case B. In Fig. 5 the inverter propagation delay
is calculated from (10) = "7° for arising input ramp is plotted as a function of the input rise

(0.5 time. Results using the approaches for the evaluation of the
_ M (13) Propagation delay presented in [6]-[8] and [10] are also given.
A (1 —n)on/2 The presented model gives results closer to those derived from

Tos =n+ |(Tsatn —n) T2

0.5 = Tsatn —

Zo.5 =
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Fig. 5. Comparison of simulated and calculated inverter propagation
from the proposed and previous models.
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dellé\iyg' 6. Inverter propagation delay for several valuedigf /W, .

timing model and without the complications associated with

the influences of the short-circuit current and the gate-to-

drain coupling capacitance on the expressions of the inverté¥
output waveform. In Fig. 6 the inverter propagation delay igp

plotted as a function of input rise time for several values of

the W, /W,, ratio. Results from SPICE simulations are also

given for comparison. It can be observed that the formulas
for the propagation delay evaluation of the previous section

are valid in a wide range of input transition times and the[4]

channel-width ratio of PMOS and NMOS devices. As shown

in Fig. 6, the nonlinearity of the delay curves which appear fof°]

slow input ramps{ > 1.5 ns) is modulated by th&’, /W,

ratio. When thel¥,,/W,, ratio is increased, the PMOS device [€]
current during the regions where PMOS devicensncreases,
growing the reaction to the output node discharge. This if]

due to the reduction of the discharge current, which results

in an increase of the propagation delay. Fg;/W,, = 0.5, a

transitions ¢ > 3 ns), while foriWw,,/W,, > 1, the delay is still

(8]
decrease of the propagation delay is caused for quite slow input

SPICE simulations than the other methods. The error is IetQémg to generalize the inverter-based model to complex gates.

than 3%. This occurs because the proposed model includes
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